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 All values of  n  for which there exist a selfcomplementary circulant graph of order  n  are
 determined .
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 1 .  I NTRODUCTION
 Let  G  be a finite , simple , undirected graph . The graph  G  is  selfcompletementary  if  G
 is isomorphic to its complement  G #  ; in symbols ,  G  .  G #  .  It is well known that a
 selfcomplementary graph of order  n  exists if f  n  ;  0 or 1 (mod  4) . Moreover , a regular
 selfcomplementary graph of order  n  exists if f  n  ;  1 (mod  4) .
 The objective of this paper is to study selfcomplementary graphs with even a higher
 ‘degree of symmetry’ ; namely , the selfcomplementary Cayley graphs . The research in
 this area originated in a remarkable 1962 paper by Sachs [4] , who studied self-
 complementary  circulant  graphs , i . e . selfcomplementary Cayley graphs of cyclic groups .
 In [4] , a construction of selfcomplementary circulant graphs of order  n  is given for all  n
 whose each prime divisor is congruent to 1 (mod  4) . On the other hand , using a deep
 investigation into the structure of circulant matrices and their eigenvalues , it is shown
 in [4] that no selfcomplementary circulant graphs of order  n  exist if  n  5  p 2 s ,  where
 p  ;  3  (mod  4) is a prime , or if  n  5  pq ,  where  p  and  q  are two distinct primes both
 congruent to 3 (mod  4) .
 Despite an extensive literature on selfcomplementary graphs in general (see , e . g .,
 [1 ,  2 ,  3] and the references therein) , the problems on the existence and / or constructions
 of selfcomplementary Cayley graphs remained apparently unaddressed until 1985 ,
 when Suprunenko [5] presented a construction of selfcomplementary Cayley graphs
 based on the existence of special group automorphisms . In addition , in [5] all abelian
 groups that admit this special automorphism are characterized .
 The purpose of this paper is twofold . First , we give a complete answer to the
 problem of Sachs on classifying all orders  n  for which there exist a selfcomplementary
 circulant graph of order  n .  Second , we extend the non-existence part of the results of
 Suprunenko to a class of non-abelian groups . Our technique is based on a simple but
 powerful result on counting the number of closed walks based at a fixed vertex in a
 Cayley graph , which is interesting on its own .
 2 .  C LOSED W ALKS  IN C AYLEY G RAPHS
 Let  G  be a finite group with unit element 1 . Let  Ω  be a symmetric unit-free subset of
 G ; that is , 1  ¸  Ω  and  x 2 1  P  Ω  whenever  x  P  Ω .  The  Cayley graph C ( G ,  Ω ) has vertex set
 G , and two vertices  a ,b  P  G  are joined by an edge if f  a 2 1 b  P  Ω .  We note that our
 definition is slightly more general than usual , in that it allows a Cayley graph to be
 disconnected ; this happens if f  Ω  is not a generating set for  G .
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 A  closed walk of length k , based at a  y  ertex a 0 in  C ( G ,  Ω ) ,  is an ordered sequence  a 0  ,
 a 1  ,  .  .  .  ,  a k  5  a 0  of vertices of  C ( G ,  Ω ) such that  a i 2 1 is adjacent to  a i  for all  i ,  1  <  i  <  k .
 The latter is equivalent to saying that there exists elements  x i  P  Ω  such that  a i 2 1 x i  5  a i  ,
 1  <  i  <  k ; from  a k  5  a 0 we then have  x 1 x 2  ?  ?  ?  x k  5  1 .  Consequently , the closed walks of
 length  k  based at a fixed vertex of  C ( G ,  Ω ) are in a 1 – 1 correspondence with the ways
 of expressing the unit element of  G  as a product of  k  (not necessarily distinct) elements
 of  Ω .
 Our main tool will be the following result that ties the number of closed walks in
 C ( G ,  Ω )  of a specified length  k ,  based at a fixed vertex , to the number of elements of
 order  k  in  Ω . Since Cayley graphs are vertex-transitive , the choice of the fixed vertex is
 immaterial .
 P ROPOSITION 1 .  Let C ( G ,  Ω )  be a Cayley graph and let p be an odd prime . Let t p be
 the total number of closed walks of length p based at a fixed  y  ertex of C ( G ,  Ω ) , and let r p
 be the number of elements of order p in  Ω . Then t p  ;  r p  (mod  p ) .
 P ROOF .  Let  W p  be the set of all ordered  p -tuples ( x 1  ,  x 2  ,  .  .  .  .  ,  x p ) of elements
 x i  P  Ω  such that  x 1 x 2  ?  ?  ?  x p  5  1 .  In view of the correspondence given above , the set  W p
 has exactly  t p  elements . Observe that the relation  x 1 x 2  ?  ?  ?  x p  5  1 is equivalent to
 x 2 x 3  ?  ?  ?  x p x 1  5  1 .  Consequently , if  pi  is any power of the cyclic permutation  θ  5
 (1 ,  2 ,  .  .  .  ,  p ) , then ( x 1  ,  x 2  ,  .  .  .  ,  x p )  P  W p  if f ( x pi  ( 1 )  ,  x pi  ( 2 )  ,  .  .  .  ,  x pi  ( p ) )  P  W p .  This defines an
 obvious action  Θ  of the group  Z p  on the set  W p .  Clearly , every orbit of  Θ  has length at
 most  p .
 In order to determine the orbit lengths of the action exactly , suppose that
 ( x 1  ,  x 2  ,  .  .  .  ,  x p )  5  ( x pi  (1) ,  x pi  (2) ,  .  .  .  ,  x pi  (  p ) )  where  pi  5  θ  j  for some  j ,  1  <  j  <  p  2  1 .  Then ,
 x 1  5  x pi  ( 1 )  5  x pi  2 (1)  5  ?  ?  ?  5  x pi  p 2 1 (1) ;  the facts that  pi  is cyclic and  p  is a prime now imply
 that  x 1  5  x 2  5  ?  ?  ?  5  x p .  But if ( x 1  ,  x 2  ,  .  .  .  ,  x p )  P  W p  and  x 1  5  x 2  5  ?  ?  ?  5  x p  5  x ,  then
 x  P  Ω  is an element of order  p  in the group  G . In other words , if an orbit of  Θ  has
 length less than  p ,  then the orbit has necessarily length 1 . Moreover , we have a 1 – 1
 correspondence between orbits of length 1 and the  r p  elements in  Ω  of order  p .  We see
 that with the exception of the  r p  orbits of length one , all the remaining orbits of the
 action  Θ  on  W p  have length  p .  Hence ,  t p  2  r p  is a multiple of  p ,  as claimed .  h
 3 .  S ELFCOMPLEMENTARY C AYLEY G RAPHS
 Let  C ( G ,  Ω ) be a Cayley graph . Let  Ω #  5  ( G \ h 1 j ) \ Ω . Clearly , the set  Ω #  is a symmetric
 unit-free subset of  G , and the Cayley graph  C ( G ,  Ω #  ) is the complement of  C ( G ,  Ω ) .
 The objective of this paper is to study selfcomplementary Cayley graphs ; that is ,
 graphs  C ( G ,  Ω ) with the property that  C ( G ,  Ω )  .  C ( G ,  Ω #  ) . Based on Proposition 1 , we
 now prove a useful necessary condition for a group  G  to admit a selfcomplementary
 Cayley graph .
 T HEOREM 2 .  Let C ( G ,  Ω )  be a selfcomplementary Cayley graph , and let p be an odd
 prime . Assume that the group  G  contains a unique subgroup of order p . Then
 p  ;  1(mod  4) .
 P ROOF .  Let  C ( G ,  Ω )  .  C ( G ,  Ω #  ) and let  t p  be the number of closed walks of length  p ,
 based at a fixed vertex , in  C ( G ,  Ω ) (and hence also in  C ( G ,  Ω #  )) . Furthermore , let  r p  and
 r# p  be the number of elements of order  p  in  Ω  and  Ω #  , respectively . Note that both  r p
 and  r# p  are even numbers , because  p  is odd and the sets  Ω  and  Ω #  are symmetric . Since  G
 has a unique subgroup of order  p ,  we have  r p  1  r# p  5  p  2  1 .  Now , by Proposition 1 ,
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 r p  ;  t p  ;  r# p  (mod  p ) ; in view of the preceding equality we thus have  r p  5  r# p  5  2 r  (say) .
 But then ,  p  5  4 r  1  1 .  h
 The classification of all  n  for which there exists a circulant selfcomplementary graph
 of order  n  now follows easily .
 T HEOREM 3 .  A selfcomplementary circulant graph of order n exists if f e y  ery prime
 di y  isor of n is congruent to  1 (mod  4) .
 P ROOF .  The existence follows from Sachs’ construction [4] . For the converse ,
 assume that  C ( Z n  ,  Ω ) is selfcomplementary . Let  p  be an arbitrary prime divisor of  n ;
 observe that  p  must be odd . Since the cyclic group  Z n  contains a unique subgroup of
 order  p ,  we have  p  ;  1 (mod  4) by Theorem 2 .  h
 As mentioned in the introduction , Suprunenko [5] has presented a construction of
 selfcomplementary Cayley graphs , based on group automorphisms . We briefly sum-
 marize the method . For the sake of convenience , let us call a group  G  reflexible  if there
 exists a partition  G \ h 1 j  5  Ω  <  Ω #  into two disjoint symmetric subsets  Ω ,  Ω #  and a group
 automorphism  f  :  G  5  G  such that  f  ( Ω )  5  Ω #  . Such an automorphism  f  automatically
 induces a graph isomorphism  C ( G ,  Ω )  .  C ( G ,  Ω #  ) . Thus , a reflexible group gives rise to a
 selfcomplementary Cayley graph . (It is not known whether the converse holds . ) In [5] ,
 all reflexible abelian groups are characterized ; as regards non-abelian groups , only
 those of order  p 3 (  p  prime) are investigated .
 In order to contribute to the problem of the existence of selfcomplementary Cayley
 graphs for general groups , we now eliminate from contention the orders  n  5  ps , p  .  s
 for a ‘half’ of all primes  p .  We point out that our method does not invoke reflexibility
 of groups .
 T HEOREM 4 .  Let n  5  ps , where p  ;  3 (mod  4)  is a prime and p  .  s . Then no Cayley
 graph of order ps is selfcomplementary .
 P ROOF .  Let  C ( G ,  Ω ) be a selfcomplementary graph of order  ps ,  where  p  ;  3
 (mod  4) is a prime and  p  .  s .  Since  ps  ,  p 2 ,  all Sylow  p -subgroups of  G  are of order  p
 and , conversely , every subgroup of  G  of order  p  is a Sylow  p -subgroup . It is known that
 the number  m  of Sylow  p -subgroups of  G  is congruent to 1 (mod  p ) .  Clearly , any two
 such subgroups have only the unit element in common . Now , if  m  >  p  1  1 ,  then the
 union of the  m  subgroups would have at least 1  1  m (  p  2  1)  >  p 2 elements , a
 contradiction . Therefore  m  5  1 ; that is ,  G  contains a unique subgroup of order  p .  But ,
 by Theorem 2 ,  p  ;  1 (mod  4) , contrary to our assumptions .  h
 As an obvious consequence of the above result , we have the following .
 C OROLLARY .  Let p and q be two distinct primes , both congruent to  3 (mod  4) .  Then ,
 there is no selfcomplementary Cayley graph of order pq .
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 4 .  C ONCLUSION AND AN O PEN P ROBLEM
 The following appears still to be an open problem : For which  n  does there exist a
 vertex-transitive selfcomplementary graph of order  n ? In particular , can such a graph
 exist if  n  5  pq ,  where  p  and  q  are distinct primes both congruent to 3 (mod  4)?
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